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We discuss the following Cauchy problem of a free Schrödinger
equation, {

iut −∆xu = 0, (x, t) ∈ Rn × R,
u(x, 0) = f(x), x ∈ Rn,

where f ∈ Hs(Rn) with ∥f∥Hs(Rn) =
(∫

(1 + |ξ|2)s|f̂(ξ)|2 dξ
) 1

2 .
Denote the solution as u(x, t) := eit∆f(x), where

eit∆f(x) = (2π)−
n
2

∫
ei(x·ξ+t·|ξ|2)f̂(ξ) dξ.

Carleson Problem: When the almost convergence property,
i.e.

lim
t→0

eit∆f(x) = f(x), a.e.

for f ∈ Hs(Rn) holds?
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Careleson, 1980 True for f ∈ H
1
4 (R), i.e. when n = 1, s ≥ 1

4
.

Dahlberg and Kenig, 1982 n = 1, s ≥ 1
4

is sharp.
Sjölin and Vega, 1985 s > 1

2
, ∀n.

Bourgain, 1995 Improved to f ∈ H
1
2
−ϵ(R2) when n = 2.

Later improved by Tao, Vargas, et al.

Bourgain 2012 For n ≥ 3, s > 1
2
− 1

4n
is a sufficient condition by

mutltilinear estimates for extension operators.
For n ≥ 4, a necessary condition is s ≥ 1

2
− 1

2n
.

Bourgain 2016 For all s < n
2(n+1)

, there exists counter-example.
Du-Guth-Li, 2017 When n = 2, convergence for s > 1

3
,

i.e. s > n
2(n+1)

is sharp when n = 2.

Du-Guth-Li-Zhang, 2018 When n ≥ 3, s > n+1
2(n+2)

by linear refined Strichartz

Du-Zhang, 2019 For n ≥ 3, s > n
2(n+1)

by a broad-narrow analysis,
multilinear refined Strichartz estimate
and decoupling.
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Theorem (Du and Zhang 2019)
For every f ∈ Hs(Rn), n ≥ 3 with s > n

2(n+1) ,

lim
t→0

eit∆f(x) = f(x) almost everywhere.

To show the above, it suffices to show the following maximal
estimate1,

∥ sup
0<t≤1

|eit∆f |∥L2(Bn(0,1)) ≲s ∥f∥Hs(Rn).

Remark
The reduction from the maximal estimate to the convergence is
due to the Nikisin-Stein maximal principle. Hickman 2023

1Du and Zhang 2019, “Sharp L2 Estimates of the Schrödinger Maximal Function in Higher Dimensions”,
Annals of Mathematics.
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A Follow-Up Question: When does limt→0 e
it∆f(x) = f(x),

µ− a.e. where µ is an α-dimensional measure.

That is to say the set on which the divergence fails is of
Hausdorff dimension α.

Denote the size of the divergence set,

αn(s) := sup
f∈Hs(Rn)

dimH{x ∈ Rn : lim
t→0

eit∆f(x) ̸= f(x)}.

where the Hausdorff dimension is defined via the Hausdorff
content, for a Borel set A ⊆ Rn

Hα
δ (A) := inf

all cover of radius < δ
{
∑

diam(Bi)
α : A ⊆ ∪iBi}.
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s: regularity

αn(s): Hausdorff dimension of divergent set

n
2

n
2

n
4

n
4

n
2(n+1)

n

αn(s) = −2s+ n

Undetermined
part

Everywhere convergence s ≥ n
2

Figure: Previous results on αn(s)
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Variants of Carleson Problem

Consider

lim
n→∞

eitn∆f(x) = f(x), a.e.x, ∀f ∈ Hs.

where {tn} is in a Lorentz space ℓr,∞(N), for 0 < r < ∞,

{tn} ∈ ℓr,∞ ⇐⇒ sup
b>0

br#{n ∈ N : |tn| > b} < ∞.

Again, we could reduce the proof of the above convergence to the
following maximal estimate.

∥ sup
tn

|eitn∆f |∥L2(B(0,1)) ≲ ∥f∥Hs .
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Sequential Case, n = 1 and n ≥ 2

Proposition (Dimou and Seeger 2020)
Let n = 1. Then eitn∆f → f, a.e. if and only if
s ≥ min{ r

2r+1 ,
1
4}.

Theorem (Cho, Ko, et al. 2023, Li, Wang, and Yan 2023)
Let n ≥ 2 and r ∈ (0,∞). For any decreasing sequence
{tn}∞n=1 ∈ ℓr,∞(N), tn → 0, the following maximal estimate holds
for any s > min{ r

n+1
n

r+1
, n
2(n+1)}, and f ∈ Hs(Rn),

lim
n→∞

eitn∆f(x) = f(x), a.e.x ∈ Rn.
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Sequential Case, n ≥ 2

Theorem (Li, Wang, and Yan 2023 (Negative))
For each r ∈ (0,∞), there exists a sequence
{tn}∞n=1 ∈ ℓr,∞(N), the corresponding maximal estimates
fails if s < s0 := min{ r

n+1
n

r+1
, n
2(n+1)}.

Extend previous negative results to fractal settings by
following Li-Wang-Yan’s approach.

• Construction 1 (originally proposed by Luca and Rogers).
Construction of divergence set ⇒ Initial Datum.

• Construction 2 (originally proposed by Luca and Ponce).
Construction of initial datum ⇒ Divergence Set. (Easier to
handle)
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Theorem (Main Result 1)
Let (3n+1)

4 ≤ α ≤ n. Then for any

s < min{(n− 1)(1− r) + 1

4
,
1

2
(n− α) +

(2α− n)

2(n+ 1)
},

there exists a sequence {tn}∞n=1 ∈ ℓr,∞(N), r > 0 with tn → 0
when n → ∞, and an initial datum u0 ∈ Hs(Rn) such that

lim sup
tn→0

|u(x, t)| = ∞,

for all x in a set of positive α-dimensional measure.
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The initial function is defined via its (1)-dim part and (n− 1)-dim
part:

u0(x) : =
∑
j∈N

eiπλ
j(1,θj)·xϕ(λ

j
2x1)gj(x)

=
∑
j∈N

(eiπλ
jx1ϕ(λ

j
2x1))(e

iπλjθj ·xgj(x)),

where ϕ̂ := χ(−ϵ1,ϵ1), ĝj := λjδ|Ωj |−1χΩj , 0 < δ < σ
4 and

θj ∈ Sn−2 being a direction.

Ωj = {ξ ∈ 2πλj(1−σ)Zn−1 : λj ≤ |ξm| ≤ λj+1,m = 2, . . . , n}

+Q(0,
ϵ1√
n− 1

), j ∈ N. ϵ1 > 0 is a small constant.
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A set upon which |eit∆fθj | is large. To do this, we may consider a
“dual” space of Ωj where the phase x · ξ + t|ξ|2 ∼ 2πZn−1.

Space Xj
tθj

= {x ∈ λj(σ−1)Zn−1 : |x| ≤ 2}+ Q̊(tθj , ϵ2λ
−j),

Time T j
x1

= {t ∈ λj(2σ−1)Z : x1 < t < x1 + λ− j
2 }.

Γj
tθj

:= Xj
tθj

\ ∪j<k≤2j X
k,δ
λk−jtθk

,

Xk,δ
λk−jtθk

:= {x ∈ λk(σ−1)Zn−1 : |x| ≤ 2}+Q(λk−jtθk, ϵ2λ
−k(1−2δ)).

Γ
xj
1
:=

⋃
t∈T j

x1

Γj
tθj

, and Γj := {x ∈ Rn : x1 ∈ (0,
1

2
), x ∈ Γj

x1
}.

Γ = lim sup
k

Γk = ∩j≥1 ∪k≥j Γ
k
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In order to have u0(x) ∈ Hs(Rn), in other words,

∥u0∥Hs(Rn) ∼

∑
j

λ2js∥χA(λj)û0∥2L2(Rn)

 1
2

+ ∥u0∥L2(Rn) < ∞.

The Plancherel Theorem implies that

λ2js∥χA(λj)û0∥2L2(Rn) = λ2js∥(eiπλjx1ϕ(λ
j
2x1))(e

iπλjθj ·xgj(x))∥2L2(Rn)

∼ λ2js · λ− j
2
+2jδ+(1−n)j·σ

∼ λj(2s− 1
2
+2δ+(1−nσ)).

Since λ > 1 and
∑

j λ
2js∥χA(λj)f̂∥2L2(Rn) < ∞, the exponent

2s− 1
2 + 2δ + (1− n)σ < 0, therefore it suffices to have

s <
(n− 1)σ

2
+

1

4
− δ.
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Sequential Structure

Time sequence { t
2πλj

} is taken from
T j
x1 = {t ∈ λj(2σ−1)Z : x1 < t < x1 + λ− j

2 } where

tj
2πλj

∈ {λ
j(2σ−2)

2π
Z :

x1
2πλj

<
t

2πλj
<

x1
2πλj

+
λ− 3

2
j

2π
}.

When tj
2πλj → 0, we have for x ∈ Γ,

|u(x, tj
2πλj

)| → ∞.

0 1x1

2πλj+1 x1

2πλj+1 + λ
− 3

2
(j+1)

2π

x1

2πλj
x1

2πλj + λ
− 3

2
j

2π
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Lemma
Given {tn} ⊆ [0, 1] a sequence of positive numbers, {tn} ∈ ℓr,∞(N)
where 0 < r < ∞ if there exists an uniform upper bound for any
b > 0, such that supb>0 b

r#{tn : b < tn ≤ 2b} < A < ∞.

0 1x1

2πλj+1 x1

2πλj+1 + λ
− 3

2
(j+1)

2π

x1

2πλj
x1

2πλj + λ
− 3

2
j

2π

Lk Rk

br · #{b <
tj(k)

2πλj(k)
≤ 2b} ≲ br+1 · λj(2−2σ)

≲ λ(r+1)(1−j) · λj(2−2σ)

= λj(1−2σ−r) · λ(r+1) < ∞.

Now we have that the former lemma holds when
1− 2σ − r ≤ 0 ⇒ r ≥ 1− 2σ.
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Theorem (Lucà and Ponce-Vanegas 2022)
Let n ≥ 2, and n

2 < α ≤ d. Then, for any

s <
n

2(n+ 2)
(n+ 1− α),

there exists u0 ∈ Hs(Rn) such that

lim sup
t→0

|u(x, t)| = ∞,

for all x in a set of positive α−Hausdorff measure.
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Theorem (Main Result 2)
Let n

2 < α ≤ n, n ≥ 2, then for any

s < min{ n2

2(n+ 1)
− (n− 1)(r + 1)

4(n+ 1)
,
1

2
(n− α) +

(2α− n)

2(n+ 1)
},

there exists a sequence {tn}∞n=1 ∈ ℓr,∞(N), r > 0 with tn → 0
when n → ∞, and an initial datum u0 ∈ Hs(Rn) such that

lim sup
tn→0

|u(x, t)| = ∞

for all x in a set of positive α-dimensional measure.
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Define the initial datum by its 1-dim part and the (n− 1)-dim part.

fDk
= f1(x1)f̃(x̃)

where
f1(x1) := e2πiRkx1φ(R

1
2
k x1),

supp φ̂ ⊆ B(0, 1) and φ(0) = 1.

f̃(x̃) :=

n∏
j=2

φ(xj)

 ∑
Rk
2Dk

<ℓj<
Rk
Dk

e2πiDkℓjxj

 ,
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Theorem
Given a constant c ≪ 1 and an integer q > 0 such that
Rk
Dkq

≫
√

ln q. If fDk
is an initial datum given as above, then we

have
|eit∆fDk

(x)|
∥fDk

∥2
≳ R

1
4
k

(
Rk

Dkq

)n−1
2

,

for (x, t) such that 0 < t ∈ Ndk(
2p1
D2

kq
) where dk := c

R2
k
, t ≪ 1

Rk

and
x ∈ Eq,Dk

∩ [0, c]n.

Eq,Dk
is defined byx1 ∈ 2p1Rk

qD2
k
+ [−cR

− 1
2

k , cR
− 1

2
k ],

xj ∈ pj
qDk

+ [−cR−1
k , cR−1

k ], j = 2, . . . , n,

where (p1q ,
p2
q , . . . ,

pn
q ) is an admissible fraction.
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sup0<t<1 |eit∆fDk
| is, in fact, large on the set⋃

1≤q≤Qk

Eq,Dk
∩
(
[
c

10
, c]× [0, c]n−1

)
,

when 0 < c ≪ 1 and Rk
DkQk

≫
√

lnQk.

Q(x, δ)

1
Rb

1
Ra

xi

x1

Definition of a, b

Q(x, δ)

(2p1Rk

qD2
k

, p2

q
1
Dk

, . . . , pn

q
1
Dk

)

R
− 1

2
k

R−1
k

xi

x1

Geometry of a single slab s
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R−a
k :=

1

Q
n

n−1

k Dk

≥ R−1
k ⇒ a ≤ 1. R−b

k :=
Rk

QkD
2
k

≥ R
− 1

2
k ,⇒ b ≤ 1

2
.

Qk = R
n−1
n+1

(2a−b−1)

k , Dk = R
n−(n−1)a+nb

n+1

k .

Define the initial datum ga,b as the following

ga,b(x) :=
∑

k′=4k,k≥k0

k′

Rs
k′

fDk′ (x)

∥fDk′∥2
.

Define Fk :=
⋃

s∈Ak
s and

F := lim sup
k→∞

Fk = ∩∞
n=1 ∪∞

k=n Fk.

We eventually show that the Hausdorff dimension of divergent set
F̃ ∩

(
[ c
10 , c]× [0, c]n−1

)
is α := 1

2 + (n− 1)a+ b, i.e.
dimH

(
F̃ ∩

(
[ c
10 , c]× [0, c]n−1

))
= α.
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|eit∆ga,b(x)| is large at time tdivergent ∼ 1
Rk′ . Construct an interval

[Bk′ , Ak′ ] ⊆ [0, 1] with length ≃ 1
Rk′

at each frequency,

[Bk′ , Ak′ ] := [
1

2Rk′
,

2

Rk′
], k′ = 4k, k = 1, 2, . . . ,

Then we have Bk′ =
1

2R4k
= 1

2·24k = 1
24k+1 and

Ak′+4 =
2

R4(k+1)
= 1

24k+3 = 1
4Bk′ <

1
2Bk′ .

0

1

B
k′

A
k′

d
k′

A
k′ |eit∆fDk′ | is large when t ∈ Ndk′ (

2p1
D2

k′
q) whenever dk′ ∼

c
R2

k′
. Now let us divide each [Bk′ , Ak′ ] by dk′ :=

1
Rσ

4k
with

σ > 2.

21/23



br#{b < tn < 2b} = br · b
1

Rσ
4k

= br+1Rσ
4k

≲ (R4k)
−(r+1)+σ < ∞, as b < Ak′ =

2

R4k
,

once we have r ≥ −1 + σ. choose σ := 2α > 2 · n
2 = n ≥ 2, then

we have a sequence of divergent time with {tn} ∈ ℓ−1+2α,∞(N).
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Recent Progress by Cho and Eceizabarrena
Theorem (Cho and Eceizabarrena 2024, March)
Let n ≥ 2.

• If n− 1 ≤ α ≤ n,

smax
c ≥ n− α

2
+ min( 2α− n

2(n+ 1)
,

r(2α− n)

r(n+ 1) + 2α− n
).

• If n
2 < α ≤ n− 1

smax
c ≥ n− α

2
+ min( 2α− n

2(n+ 1)
,

rα

r(n+ 1) + n
).

Key Observation:
• f̂1(ξ) =

1

R
1
2
k

φ̂( ξ−Rk

R
1
2
k

) ⇒ 1
S φ̂(

ξ−R
S ).

• t ≲ min
(

1
S2 ,

1
R

)
. The authors focus on the case where

t ≲ 1
S2 ≪ 1

R , i.e. R1/2 ≪ S ≤ R. We can then solve S.
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